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What You Can Find in This essential 


e Basics of complex numbers: Introduction of all three representations (Carte- 
sian representation, polar form, Euler form) as well as the geometric notion. 

e Methods for conversion between the three representations. 

e Numerous exemplary tasks on complex numbers. 

e Method for calculating the n zeros of a polynomial of the n-th degree. 
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Preface 


This essential provides an introduction to complex numbers. First, it explains 
what a complex number is and motivates the introduction of this number range 
extension. Then, the four basic arithmetic operations, as well as the exponentia- 
tion of complex numbers, are explained in more detail, whereby the usual three 
representations (Cartesian representation, polar form, Euler form) are introduced. 
These are explained with the help of many examples. The last section deals with 
Moivre’s theorem for taking roots of complex numbers. 
The essential is aimed at: 


e Students of engineering sciences as well as students of natural sciences for a 
better understanding of the topic. 

e STEM study beginners to repeat and expand their school knowledge with a 
view to a successful entry into studies 

e Pupils who want to study more advanced topics which have high relevance for 
many courses of study. 


I wish the readers a lot of fun with the topic “complex numbers”. 


Technische Universitat Clausthal Jorg Kortemeyer 
(Clausthal University of Technology) joerg.kortemeyer @tu-clausthal.de 
February 2020 
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Why Complex Numbers? 


? What numbers do we know so far and what were the reasons for 
introducing further number ranges? 


Over the years, new number ranges are introduced in school again and again. This 
begins with the introduction of natural numbers N as the set of numbers in count- 
ing, i.e. {1,2,3,4...}, where it quickly becomes apparent that one can already 
leave this set when subtracting two natural numbers. For example, the solution 
of 3 — 5 is not a natural number, although 3 and 5 are natural numbers. Hence, 
the integers Z are introduced which now also contain the number 0 and negative 
numbers, i.e. the set {0, £1, +2, +3,...}. 

By division of two integers again this set can be left, so that Q, the set of frac- 
tions or “the rational numbers”, must be introduced, in order to be able to rep- 
resent all results of divisions. For example, taking square roots of non-negative 
numbers can again produce numbers that cannot be represented as fractions and 
are therefore not part of the rational numbers Q. For this reason, the set of real 
numbers R is introduced. Every number can be represented on the so-called num- 
ber line (see the following figure) and this line can be covered without gaps by 
real numbers: 


-6 -4 —2 0 2 4 oR 


Which tasks are still not solvable? This starts with a relatively simple equation, 
namely x? + 1 = 0, which has no real solutions. Our aim now is to find solutions 
for such equations too, which will lie in the set of complex numbers. For this pur- 
pose, we first make further considerations. 


© Springer Fachmedien Wiesbaden GmbH, part of Springer Nature 2021 1 
J. Kortemeyer, Complex Numbers, essentials, 
https://doi.org/10.1007/978-3-658-34929-5_1 


2 1 Why Complex Numbers? 


We have a rough idea of all the numbers that can be represented as fractions, i.e. 
the set of rational numbers Q. Which numbers of the set of real numbers, i.e. R, 
are irrational? 

In the set of irrational numbers, we distinguish two types of numbers, 
namely algebraic and transcendental numbers: Algebraic numbers are zeros 
of polynomials with integer coefficients. Examples of these are /2 as a solu- 
tion of x? — 2 = 0, V3 as a solution of x? — 3 = 0, or also V/42 as a solution of 
x!7 _ 42 = 0. The much larger group is the transcendental numbers, which are 
not solutions of integer polynomials. These include the numbers z or e, which, 


however, can be approximated, for example, by fractions. Thus, applies: 2 ~ 2. 


? Where are the complex numbers if the real numbers already cover the 
entire number line? 


As with natural numbers, integers and rational numbers, we can specify so-called 
relations for real numbers, i.e. whether the following applies to two real numbers 
aand b: a<b,a=b ora> b. This is called an order property. By way of 
example, let us consider a set of real numbers: 

333 


21 o- 
2,0,-5, —,-—,v7 
,0,—5, 106” rand ,m ande (1.1) 


The following applies to the numbers given 


21 333 
aa el eN SR ae (1.2) 


The number line has a direction, which is indicated by an arrow. In the following, 
we will consider it as the x-axis and there 0 as the so-called origin. Then, on the 
left, are the negative numbers < 0 and on the right, the positive numbers > 0. In 
this way of looking at it, we can draw in all eight numbers: 


a 0 2 en 
ees 2 0 27 —_ 4 oR 


But how can we now classify, for example, the two solutions from 7+1=0 
that are not real? If we multiply a positive number by itself, the result is a positive 
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number. However, the same is true for a negative number, and furthermore 0? =0. 
So, for all real numbers x, it is true that x? > 0, so the square of a real number is 
non-negative. In this Essential, we deal with numbers whose square can be nega- 
tive. Thus, we come to the numbers +i whose square is —1 in each case. These 
numbers are sometimes called “imaginary”, but they actually occur in applica- 
tions, for example, in “complex alternating current calculus” in electrical engi- 
neering. Our aim in Chap. 2 is first the transfer and extension of known rules 
from the real numbers. The traceability to real numbers simplifies many consider- 
ations and this Essential introduces in more detail how such transfers can be 
chosen. 


A polynomial is a function f(x) of the form 


SQ) =an-x" +aQy,-1 x4... tax tao with x,40,41,---,Qn-1,4n ER 
(1.3) 


Here, n is called the degree of the polynomial. Thus, the degree of f(x) = x? +1 
is equal to 2. If one examines the zeros in the real numbers, one can make differ- 
ent statements for even n and for odd n: 


e neven: The polynomial f(x) always has an even number of zeros and at most 
n. In particular, it cannot have any zeros like our example x? + 1. 

e n odd: The polynomial f(x) always has an odd number of zeros and at most 
n. This also means that it must have at least one real zero. This can be seen 
by plotting f(x) and examining it more closely because if f(x) takes on posi- 
tive function values for very large x, it must take on negative function values 
for very small x. Similarly, if you have negative function values for very large 
x, then the function values for very small x must be positive. Thus, f(x) must 
cross the x-axis somewhere in between, that is, it must have a zero. Related 
keywords: Continuity of polynomials, intermediate value theorem 


It would be desirable to delete the “‘at most” in the last two statements, i.e. to 
always have exactly as many zeros as the degree of the polynomial. Using com- 
plex numbers, this is indeed the case. How to find these zeros is explained by 
Moivre's theorem presented in Chap. 4. 

But what do decompositions of higher degree polynomials look like? For this 
we will consider an example of a polynomial of degree 12, which will accompany 
us through this Essential: 


4 1 Why Complex Numbers? 


2? What are the solutions of x!2 — 1 = 0? 


It holds with the third binomial formula: 


x? (x - 1) (Ca + 1) (1.4) 


Now, we can see that x® — 1 has +1 as zeros and is therefore divisible by 1, 
Analogously, the x® + 1 has +i as zeros and is therefore divisible by x? + 1. We 
obtain via polynomial division: 


x —1= (x? -1)(x4 42°41) (1.5) 
and 
xt 1= (x? +1)(x4-2° +1) (1.6) 


with suitable completions of the squares and third binomial formula, one can now 
further decompose the two fourth-degree polynomials: 


MePtla(+l)-P=(?+1-a(P+14+x) aD 
x4 xP +1 (9? +1) — 3x? = (2? +1 - Vx) (x? +14 -V3x) (1.8) 


In total, we have now decomposed the twelfth-degree polynomial into six-second 
degree polynomials: 


(x? = 1) (8 41-2) ( +1 +2) (x +1) (2? +1 - v3x) (2? +14 V3x) 
(1.9) 


We realize that the zeros of x2 — 1 are the real numbers +1. However, for the five 
remaining quadratic equations, there are no real solutions or, when applying the 
pq- formula, each time the expression under the root becomes negative. We will 
revisit this task in Sect. 4.1. 


® 
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Cartesian Representation—Algebra 2 
and Geometry of Complex Numbers 


2.1 Introduction of the Representation Form 


Definition 2.1 
A complex number is an ordered pair of real numbers, which is usually referred 
to as z or w. For a,b € R, we can describe a complex number as: 


z=ati-b (2.1) 
i denotes a number for which the rule applies i? = —1. We denote the set of com- 
plex numbers by C. 
DP il a /— Il 


Assuming i = ./—1, we get the following equation: 


l=Vl=Vv1-1= JA): (-) =V-1-V-1=i-i=? =-1 (2.2) 


We realize that under this assumption one can show the contradiction 1 = —L. For 
this reason, one sets i as a solution of z2 = —1, so holds z = +i. 

We will look at the root of negative numbers in more detail later. With the help 
of the introduced notation, we can write: 


J-9 = \/9- (-1) = 433. (2.3) 


? What are the powers of i? 
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We already know that i? = —1 holds. Then, we get according to power laws: 


PS (aS i (2.4) 
For the calculation of i*, we can approach in two ways. For example, it is 


t=?-?P=(-1)-(-D=1. (2.5) 


Alternatively, we can also calculate: 


f=~P-i=(-i)-i=(-l)-?=1. (2.6) 


So, we have found that i* = 1. Thus, using power laws, we can determine P, i° 


and i’. We obtain: 


e pHi =; ij =i 
e Pa 724=7?.7 =? 1 
ef HPpraPp.ta7 i 


We now see a pattern: By splitting off the summand 4 in the exponent, we can 
translate higher powers of i to lower powers. This is also true for higher powers 
m =r +A4n. Thus, we can write: 


ful yeran i’. i i’. (*)" =j. J’=i" (2.7) 


This can also be continued into the negative range. For example: 


ee eee (2.8) 


> Powers of i 


For the number i, the following equation holds: 


i? =-1. (2.9) 

Using power laws, the result is an alternation of four values when exponentiating i: 
i°? =-1¢ =-1,%=1,P =1i° =-1i’ =i, = 1,i,-1,-i,1,i,-1,-i,1,... 

(2.10) 


For z = a+ ib, number a is the real part or Re(z) and D is the imaginary part of 
z or Im(z). The numbers with Im(z) = 0 are exactly the real numbers. 


2.2. Calculations with Complex Numbers v4 


> Real part and imaginary part 


For z=a-+ib, Re(z) =a and Im(z) = b. Both the real part and the imaginary 
part are real numbers. 


Definition 2.2 
(a) Two complex numbers z = a+ ib and w = c + id are equal if both their real 
parts and their imaginary parts are equal. Thus, it holds: 


a=candb=d (2.11) 


(b) The absolute value of a complex number z = a + ib, written as Izl, is defined as 


Iz] = Vat b? (2.12) 
The absolute value of a complex number is always a non-negative real number. 


? Calculate Re(z), Im(z) and |z| for z = 12 — 5i 


We can read off the real and imaginary parts directly: Re(z) = 12 and Im(z) = —S. 
For Izl, it follows according to Eq. (2.12): 


[z| = 1/122 + (—5)2 = V144 + 25 = V169 = 13 (2.13) 


Definition 2.3 

For a complex number z = a + ib, the complex conjugate of z, denotation Z, is 
defined as Z = a — ib. For example, for z= 4 —i, it holds 7 = 4+ 1. There are 
also two special cases: 


e fora purely real number z, i.e. Im(z) = 0, holds: z = z 
e fora purely imaginary number z, i.e. Re(z) = 0, holds: z = —z, ie., for exam- 
ple, for z = 31, z = —31. 


2.2 Calculations with Complex Numbers 


This section presents typical tasks and the underlying theory that arise when com- 
puting with complex numbers in Cartesian representation. 
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2.2.1 Basic Arithmetic Operations 


The basic arithmetic operations, i.e. addition, subtraction, multiplication and divi- 
sion, can be performed on complex numbers in a very similar way to real num- 
bers if we consider i as a variable whose square is — 1. 


Theorem 2.1 
Let z and w be any two complex numbers, that is, z= a-+ib and w=c + id. 
Then, it holds: 


(a)z+w=(at+c)+i(b+d) 
(b)z -w = (a-—c)+i(b-d) 
(c)z-w = ac — bd +i(ad + bc) 


Proof 
(a) and (b) follow directly from calculating with polynomials. For (c): 


zZ-w=(a+ib)-(c+id) ac + aid + ibe + i°bd = ac + aid + ibe — bd = ac bd + i(ad + bc) 


? Calculate for z = 1 — 2iand w = 5 + 5i the numbers z + 4w, |z — 2w|, 
z-wund w? 


° 2+4w=1-21+4(5 +4 4i) =21 

|z — 2w| = (1 — 10)? + (-2 — 1)? = V927 +9 = 90 = 3/10 
z-w= (1—2i)- (5+ 5i) =5+ 5i- 10i+ 1 =6—- Pi 

w? = ($+ 4i)- (544i) =2542-5-4i-1 = 945i 


! The square of a complex number is not necessarily a non-negative number 


This rule, which holds for real numbers and can be used to check results, no 
longer holds in the complex numbers. For example, for z = —2 — 5i: 


(-2 + 5i)? = (2 + 5i)(—2 4 5i) = 4 — 101 — 101 — 25 = —21 — 201 (2.14) 
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z+ Z1s always a real number: 
z-Z= (a+ ib)(a — ib) =a’ — iab + iab — i*b 
= _ 7b? = a 4+ p? 


We will now use this result to divide complex numbers: 


Theorem 2.2 

(Division of complex numbers) Let z= a+ ib and w = c + id be two complex 
numbers whose quotient is calculated, that is 2 = an When dividing complex 
numbers, the fraction is expanded with the conjugate complex of the denomina- 
tor: 


Z a+ib  a+ib c—id  (ac+bd)+i(bc — ad) 
w  ctid ctid c—id e+ a 


(2.15) 


! Typical error 


You often see the following mistake in exams: 


Zz at+ib ae 216 
= = i 
w ctid c d 0) 


This transformation also does not correspond to the usual rules of fractional arith- 
metic. 


? Calculate z-z and = for z = —3 + 4i and w = 6 — 81 
We get 

zz = (-34+ 4i)(-3 — 41) = 94+ 16 = 25 (2.17) 
and 


z_ 344i (344i) +8i) 18-2414 24i- 32-501 


w 6-81 (6—8i)(6+8i) — 67 + 8? ~ 100 «2 
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The latter also follows directly from: 


—3+4i —3+4i 1 
6—8i (—2)(-3+4i) 2 


(2.19) 


2.2.2 Solutions of Polynomial Equations of Higher 
Degree 


Polynomial equations can have real solutions, complex solutions, or a combina- 
tion of real and complex solutions. The simplest case is quadratic equations like 
x? + a? = 0, which can be rearranged to x? = —a?. Then, the solutions are 


x12 =+tV-a? = +a-i (2.20) 
This can also be applied to more general equations x? + px + q = 0, whose solu- 


tions can be determined with the pq-formula x; = —5 + (2) —q. 


? What are the solutions of x2 + 2x + 10 = 0? 


By means of the pq-formula, using Eq. (2.3), the following is obtained 


2 y) 
m2=—5+ (5) 10 = -14 J—9 = -143i (2.21) 


The example shows that the two solutions are complex-conjugate to each other. 
Such pairs of complex-conjugate solutions always occur when all coefficients of 
the polynomial are real numbers and the number of real zeros is smaller than the 
degree of the polynomial. 


> Solutions of polynomials with real coefficients 


Solutions of polynomial equations with real coefficients are either real numbers or 
complex-conjugate pairs of numbers, that is, if a solution is a + ib, then a — ibis too. 


? Determine all solutions of 2° — 3z” + 4z — 2 = 0. Tip: z = 1 + iis a zero. 
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One can start here with Horner’s method and gets: 


1 -3 4 -2 
1+i 1+i -—3-i 2 
[1 —2+i 1-i 0 


So, the quotient is z7 + (-2+i)-z+ (1 —i). One can see that z = | is a zero, 
from which one can then determine the last zero: 
1 —2+i I1-i 
1 1 -1l+i 
1 -1+i 0 
What we are looking for now is the zero of z+ (—1+i) =0, ie. z=1-1. 
Thus, all three zeros are determined. 

Using the remark about solving polynomials with real coefficients, it is clear 
that with z= 1+, also z= 1-—1 1s a zero. As a third-degree polynomial, the 
third zero must be real and since all the coefficients are integers, it must be a divi- 
sor of —2, i.e. +1, +2. By substituting, you can find x = 1 as the third zero. 


2.2.3. Exponentiation of Complex Numbers in Cartesian 
Representation 


In this section, a complex form of the binomial theorem is first introduced, fol- 
lowed by two examples, and then possible simplifications are presented. 


Theorem 2.3 
(Binomial theorem for complex numbers in Cartesian representation) Given 
x,y € Randn &€ No. Then: 


n 


+i)" =>) ( : tay =» ( : x (yy (2.22) 


k=0 
2? What is (1 + i)* and what is (1 + i)? 


(a) We can apply the binomial theorem from (2.22) witha = b = I: 


d+i*=1-1*.%44.7-146-7-?44-1'-841-19-#=1441-6-4141=-4 
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(b) Analogous to (a) it holds again a = b = L. It follows (for a shorter notation, all 
powers of | are written directly as 1): 


(+i° =1-1-1°+6-1-i'+15-1-7% 4+20-1-2 +15-1-%46-1-P% 4+1-1-% 


=1+ 6i—15— 2014+ 15+ 61-1 = —81 
It shows in each case that some terms cancel out others directly. As a simplifica- 


tion, an application of the power laws, in particular a” = (a")”, is conceivable. 
9\2 
So, we can transform (a) to (1 + i’) and get 


(1+*)" = Qi? = -4 (2.23) 
(b) can then be interpreted on the one hand as 

(1 +i)*)° = Qi)? = -8i (2.24) 
or as a product 


(1+i°=04+)*- 0+? = (-4)- Qi = -8i (2.25) 


> Quick exponentiation 


Power laws can often be used instead of the binomial theorem to save effort. 
Because of (i — 1)? = —1 — 2i+ 1 = —2i, 


i 


en 12: 
2 Whatis (i— 1)°, (44) and (/3i — 1)!0? 


G— 8 = (G—1)?)* = C204 = 16 (2.26) 
and thus 


C=1) StH t=) = i61— 16 (2.27) 


it holds ( iti) a (2+) 2 (i — 1). With the first part of the task follows: 


-i ii 


G-)” = (4 1)?)° = ( 2i)° = —64 (2.28) 
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we calculate that 


(J3i — 1)? = —3 — 2V3i+ 1 = —2(1 + Vi) (2.29) 


and 


(/3i — 1)? = (V3i — 1)2(3i — 1) = —2(1 + V3i)(V3i — 1) = —2(-3 - 1) = 8. 
(2.30) 


This gives us: 


(/3i — 1)! =((v3i = )’ Ci —1) 
=83 . (/3i — 1) = 512- (V3i— 1) = 512V3i — 512 


2.3. Geometric Representations of Complex Numbers 
in the Gaussian Number Plane 


In this section, we learn a useful way of representing complex numbers: Since a 
complex number can be written using two real numbers x and y, it can be directly 
transferred to a plane using a vector. As usual, the horizontal axis is the x-axis and 
the vertical axis is the y-axis. The x-value is the real part and the y-value the 
imaginary part: 


Im(z) 
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In this form of representation, the complex number z = | + 5i is represented by 
a straight line that starts at the origin and ends at the point (1, 5). Analogously, 
w = —2 +1 would be represented by a straight line from the origin to the point 
(—2, 1). In such a representation, the plane is called the Gaussian number plane. 
The magnitude of z or w is here the length of the vector, which represents z or w. 


Re(z) 


In the following we transfer the rules for complex numbers, which we learned in 
the previous section: We know that for z = a+ ib and w = c + id holds: 


ztw=(a+c)+i(b+d) (2.31) 


So, we add the two real parts and the two imaginary parts. Analogously, this hap- 
pens in the same way with the addition and subtraction of two vectors, which is 
commutative. We get 


vtusato-(5)+6+a-(1)=uty (2.32) 


We realize that the addition or subtraction of complex numbers in Cartesian rep- 
resentation is analogous to the addition or subtraction of two-dimensional vec- 
tors. For multiplication and division, however, this representation seems less 
useful. For this reason, we introduce two more useful forms in the next chapter. 


> The complex numbers have no order property 
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On the Gaussian number plane as a two-dimensional form of representa- 
tion instead of a number line we recognize that we cannot specify relations, 
i.e.<,=or>. Thus, we lose the order property, that is present in all other number 
domains introduced in Chapter 1, that is, N, Z,Q and R. So, we cannot specify 
for z,w € C whether it is z < w, z = w or z > w. A remedy can be provided by 
considering their sums since these are real numbers that have the order property 
introduced in Chapter 1. 


heck for 
updates 


Two Further Representations: From 
the Polar Form to the Euler Form 


3.1 Refresher Course on Trigonometry 


Sine and cosine are usually introduced as aspect ratios in rectangular triangles. 
For the application in connection with complex numbers, however, the transfer to 
the unit circle is decisive. 


> Unit circle and its relation to sine and cosine 


The unit circle is the circle with radius 1 and the origin, that is, the point (0, 0), 
as the center. We now consider a straight line that has an angle of ¢ to the positive 
X-aXxiS: 


A cos(¥) 
sin(y) 


0.5 
0.25 


0 x 
0 0.25 0.5 0.75 1 
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cos(y) 
sin(g) /° 
Thus, a the decomposition yields cos(@) as the horizontal part and sin(¢), as the verti- 


The intersection of this line with the unit circle is given by ( 


cal part of a connecting straight line of length 1 between the origin and the circular arc. 


0 0.25 0.5 0.75 1 
cos(~) 


The sine is defined as the quotient of the length of the opposite cathetus and the 
length of the hypotenuse in a rectangular triangle. The cosine, in turn, is the quo- 
tient of the length of the ancathetus and the length of the hypotenuse in a rec- 
tangular triangle. Here, the hypotenuse length, which in this case is equal to the 
distance from the center of the circle to the edge of the circle, is equal to 1, since 
this length is equal to the radius. Thus, in each case, in the quotients for sine and 
cosine, the denominators become |. Hence, for the sine, we get the length of the 
opposite cathetus, which is the distance from the x-axis to the y-value (that is, the 
y-portion). Similarly, for the cosine, we get the length of the adjacent side, which 
is the distance from the y-axis to the x-value, i.e. the x-portion. 

But we can see something more by applying the Pythagorean theorem: It is 
true for any angle g: 


sin(y)? + cos(y)* = 1. (3.1) 
This statement is called trigonometric Pythagoras. 
Definition 3.1 


At universities, angles are usually given in radians. From the degree measure, you 
can convert as follows: 
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x corresponds to y = -_ - a in radian measure (3.2) 


Thus, 180° in the degree measure is, for example, z in radians. 


> Periodicity and symmetry properties of sine and cosine 


The sine and the cosine are 27-periodic functions, i.e. the following applies 
sin(g) = sin(g + 2kz), cos(~) = cos(g + 2k) keZ (3,3) 


The sine is point symmetric to the origin, i.e. for all angles g applies: 


sin(—g) = — sin(@) (3.4) 
The cosine is axisymmetric to the y-axis, i.e. applies to all angles ¢: 
cos(y) = cos(—¢@) (3.5) 


Angle a 0 [=0] 4 l= 30°] ee 45°] 5 [=60] a 90°] 
i — v0 1 v2 v3 _ v4 
sin(a) 0=~ tiv B= 5 l=+ 
cos(a) 1-4 V3 1 v2 1_ vi o= 

2 2 2 2 2 2 2 


One can read from the table a mnemonic for the sine and cosine values of the 


angles at the given places, i.e. 0, ¢, 7, 3 and 5. For the sine values, one can insert 


k=Otok=4at wk successively; for the cosine, it is exactly the opposite, i.e. 
starting from k = 4 and then descending to k = 0. Further values can be obtained 


by mirroring on the x- or y-axis. 


Theorem 3.1 
(Addition theorems) For any angle 9, 0, the following holds: 
1. 
sin(g + 8) = sin(g) cos(@) + sin(9) cos() (3.6) 
2: 


cos(g + 6) = cos(¢) cos(@) + sin(@) sin(g) (3.7) 
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If we set g = 0, we can get two more statements: 
sin(2~) = 2 sin(v) cos(g) (3.8) 


cos(2y) = cos(y)” — sin(g)* (3.9) 


3.2 The Polar Form 


We know from Sect. 2.3 that the complex number z = a + ib can be represented 
as a vector from the origin with endpoint P at the Cartesian coordinates (a, b). 


y 
(— : 
; 
To describe this point, we introduce polar coordinates (7, y), see figure. Here r is the 


distance of the point P = a + ib to the origin and ¢ is the angle to the positive x-axis. 
Using a rectangular triangle, this gives a direct relationship between (a, b) and (r, ¢): 


a=rcos(¢g), b=rsin(g) (3.10) 


or vice versa (according to the Pythagorean theorem or trigonometry, see Sect. 3.1): 


b b 
r= Va + b?, tan(g) = 7 > g = arctan (2) (3.11) 
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With this, the polar form can now be introduced: 
z=a+t+ib=rcos(g) +irsin(g) = r(cos(g) + isin(g)) (3.12) 


Usually, the angle ¢ is given in radians and lies in the interval 0 < g < 27. Due 
to the 27-periodicity of sine and cosine, it holds that g + 2km,k € Z, is equiva- 
lent to g. 


> Polar form 


For z = a + ib, applies 


z= r(cos(y) + isin(g)) (3.13) 


with r = |z| = Va? + b? and g = arg(z) = arctan (2). In this case, r is called the 
magnitude and ¢ the angle or argument of the complex number z. This rep- 
resentation is called the polar form. 


? Represent z = | +i and w = —1 —iin polar form. 


For z and w, it holds that r = //1? + 1? = \/(—1)2 + (-1)? = V2. Also, we can 
calculate that in both cases tan(g) = t = + = 1. Now, we must consider that the 
tangent, being the quotient of sine and cosine, is a z-periodic function. We must, 


therefore, consider in which quadrants z and w lie: 


Im(z) 
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If tan(g) = 1, it means that sin(y) = cos(@). This is exactly true for the two 
angles g; = 7 and at Using the notion in the coordinate system, we see that the 
angle is at z and it is = at w. Thus, holds: z = /2(cos (4) + isin (4)) and 


w= /2(cos (=) + isin (2)). 
! Typical error 


Under the root, there is always a sum of positive numbers: For w = —1 —i, the 
expression ,/(—1)? + (—i)? = 0 is sometimes calculated incorrectly instead of 
r= /(—1)? + (—D*, that is, i is incorrectly drawn into the imaginary part. As 
explained in Sect. 2.1, this is a real number, namely the number that is multiplied 
by i in the Cartesian representation. 


3.2.1 Multiplication and Division in Polar Form 


So far, the polar form does not show any advantages. In particular, the calculation 
of arg(z) can be difficult. Nevertheless, the polar form of a complex number is 
often used for the multiplication and division of complex numbers. For this pur- 
pose, we consider two complex numbers in polar form: 


Theorem 3.2 
Let z = r(cos(g) +isin(g)), w = s(cos(@) +isin(@) be two complex numbers. 
Then, we get: 
(a) 
Z-w=rs(cos(g + 8) +isin(g + 8)) (3.14) 
(b) 
Z r a 
ao 5 cosy — 8) +isin(g — 6)) (3.15) 
Proof 


For (a), the product is the following, using the addition theorems (3.6) and (3.7) 
in the last step: 


zZ-w =(r(cos(¢) + isin(g)) - (s(cos(@) + isin(@))) 
= rs(cos(g) cos(@) — sin(¢g) sin(@) + i(sin(g) cos(@) + cos(g) sin(@))) 
= rs(cos(g + 8) + isin(g + 8)) 
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For (b), the proof works analogously. 


> Multiplication (or division) of complex numbers in polar form 


In the product of two complex numbers in polar form, the absolute values r and s 
are multiplied and the angles gy and 6 are added. In division, the absolute values r 
and s are divided and the angles g and @ are subtracted. 


? Letz = 2 (cos (Z) + isin(%)) and w = 3 (cos (¥) +i sin(¥)). What is 
Zw? 


z-w=2(cos (=) +isin(=)) -3(cos ia) (5) 


~ 6 
=6- (cos (5) + isin (5) = 61 


3.2.2 Exponentiation of Complex Numbers in Polar Form 


For the sake of simplicity, let us first consider a complex number in polar form 
with magnitude 1, i.e., z = cos(g) +isin(g). When exponentiating, the magni- 
tude is exponentiated, see Sect. 3.2.1. When considering the angle g, we will see 
that exponentiation here causes movements on the unit circle. 


Theorem 3.3 
It applies: 
(cos(y) + isin(g))” = cos(ng) + isin(ng) (3.16) 
Proof 
We first examine the statement for n = 2: 
(cos(y) + isin(y))* = (cos(y) + isin(g)) - (cos(y) + isin(g)) 
= cos(y)” + icos(g) sin(y) + icos(@) sin(g) + i? sin(g)” 


= cos(g)? = sin(y)? + 2icos(@) sin(g) 


3.8),3.9 _ fee 
ae  cos(y +g) +isin(g + gy) = cos(2g) + isin(2¢) 
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For n = 3, we get: 


(cos(y) + isin(y))* = (cos(y) + isin(y))? - (cos) + isin(y)) 
= (cos(2¢) + isin(2¢)) - (cos(g) + isin(¢)) 
= cos(2¢y) cos(g) + icos(2¢) sin(g) + icos(g) sin(2g) + ir sin(29) sin(g) 


= cos(2) cos(g) — sin(2¢) sin(g) + i(cos(2g) sin(gy) + cos(@) sin(2¢)) 
(3.6).3.7) 


cos(2y + g) + isin(2y + g) = cos(3¢) + isin(3¢) 


Analogously, one can show this statement now for any n € N. 


i Sia ln sil 2 4 
? Let z = cos (7) + isin (Z) = J; +iz;. What arez’ and z* and where do 
these two numbers lie in the Gaussian number plane? 


2 (j+iz) (j+iz) re. 1 ot, (3.17) 
a i . i = - <i =4 : 
v2 V2 J2 J2 2 2 2 
Now, if one draws the numbers on the unit circle, z is on the bisector in the 


first quadrant and i directly on the positive y-axis. Looking at the angle g, you 
can see that it doubles as you go from z to z’. 


ta? 2aP=-1: (3.18) 


Plotting shows that we are now on the negative x-axis and thus the angle has 
doubled again. 


By the way, we just got to know a square root of i with z. We will deepen these 
considerations in Chapter 4. 


? What are the powers of cos (4) + isin (Z%) = 


By Theorem 3.3, when exponentiating on the left, all multiples of § are passed 
through as angles. 

In the following, we take the picture of an analogue clock as an aid: If the 
Gaussian number plane is placed on an analogue clock so that the x-axis connects 
the hour numbers | 3 | and | 9 | and the y-axis connects the numbers | 6 | and | 12 |, 
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then the number cos (2) + isin (2) given in the task lies exactly at the | 2 | with 
a distance of | from the point of intersection of the x- and y-axes, i.e. the origin 
cos(¢) 


sin(g) 
point on the unit circle, which has the angle ¢ to the x-axis). 


When exponentiating, the hour numbers are now passed through backwards, 
Le., | 2 1 12 11 | 10 | etc. Due to the 27-periodicity of sine and cosine, expo- 
nentiation causes the hour hands of the clock to run counterclockwise over and 
over again. In the following we put for clarity the indicated place, which lies with 


2\,as|A|, thus:| A = Bah 


of the coordinate system. (According to Sect. 3.1, ( ) provides exactly the 


Im(z) 


We now verify the described motion on the clock or unit circle for the Cartesian 
representation at the first four powers: 
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1. According to the task (and you can check it using the angle table from 


Sect. 3.1), the following applies: 


2 
2, 
2.|Al: 
2 3 1 V3. 1 V3 
Ar elalJAle i 
is ae aa ea, 
(5) +isin (5) 
= Cos | — 1sin | — 
5 3 
3 
3. /A}: 
3 2 V3 1. 3. V3 
Al SlAlelAle asi = 
A 44 4 
= cos (5) +isin () 
a a saci a 
4.\A]: 
3 J3 1 1 J3 
AT lal Al St jhe 
(+3) 2° 3° 


20 Kae 20 
= cos | — isin | — 
3 3 


(3.19) 


(3.20) 


(3.21) 


(3.22) 


Thus, the described movement is also verified for the first powers of the right 


side. Hence, exponentiation of | A 
the hour hands along the unit circle. More about this in Chapter 4! 
A | whose third power is i: 


Considering power laws and the already described powers of i, we get 


We also found a complex number 


A] =?=-1, |A/ =? =—iand|A] =i*=1 
This is—similar to the powers of i- extendable to 
B+12k 12k H12k : 12-+12k 
A =i, =i=-l, |A =i =-—iand/A 
=it=]1 
2 
(k € Z). By multiplying by | A |or| A} we get all further powers of | A |. 


describes a counterclockwise movement on 


(3.24) 
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3.3. Relationship Between Exponential Functions 
and Trigonometric Functions 


In the following, the connection between polar form and Euler form is shown. For 
a deeper understanding, the theory of series is required. 


Using Taylor series with a development point x9 = 0, the exponential, sine, and 
cosine functions can be represented as follows: 


oro) yn xen 
ee La *@nt DN! 
a (3.25) 
cos(x) = ye Ly On)! 
By insertion we get: 
yon 42ntl 
cos(x) + isin(x) = ye Gm rida "Gat D! 
x2 42 e ; eB x x? 
=(1 i ae ) i(s aT +) 
(x)! |? | @ | | @ =", 
~o "no 2 ff 4h UStlUUCUeUU 
=e" 
Definition 3.2 
Using the polar form from the previous chapter, we can write shorter: 
e'” = cos(g) + isin() (3.26) 


> The complex exponential function is 27 -periodic 


The definition shows that the complex exponential function e'” differs signif- 
icantly from the real exponential function e*. The real exponential function is 
monotonically increasing and has no function value for any exponent that is less 
than or equal to 0. Neither of these applies to the complex exponential function, 
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which, unlike the real exponential function, is even periodic due to its relationship 
to sine and cosine. 


7 ar : : 
? Howcan e’” and e'3 be converted into the other two representations? 


a) e'” = cos(r) + isin(w) = -1+i-0=-1 
b) e } =cos (3) +i-sin (4) = 5 +i 


3.4 The Euler Form 


Using z= r(cos(v) + isin(y)) and el? = cos(g) + isin(g), we obtain another 
form to describe a complex number: z = re”, the so-called Euler form. 


> Euler form 


The Euler form of a complex number is 


z=re with r = |z| and y = arg(z), (3.27) 
ViZ. 
z=re? = r(cos(gy) + isin(g)) (3.28) 
y 
P 
7 
yg 
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iz . . 
? Express z = 4e'4 in Cartesian form 


a ee (cos (+) +isin (7) a (P42) (3.29) 
SO) Fis? 


We now consider how various definitions already considered in the Cartesian rep- 
resentation and the polar form can be adapted to the Euler form: Let z = re’? and 
w = se”. What is z~!, Z and z- w then? 


a) According to power laws, z7!: 


1 i 
a =-e (3.30) 


rey 


b) For the complex conjugate Z, we obtain using the polar form 
z= re’? = r(cos(g) + isin(@)). Then, in polar form: 
Z = r(cos(g) — isin(¢)) (3.31) 
Now, we can use the symmetry properties of sine and cosine, so 
sin(—x) = — sin(x) and cos(x) = cos(—x). This gives us: 
Z = r(cos(v) — isin(y)) = r(cos(—g) + isin(—¢g)) = re” (3.32) 


It turns out: we can replace the i by —i analogous to the Cartesian form. 


c : : ee ; 
) z-w= (re). (se’”) =rs- el? Hi — py. eller) (3.33) 
This again applies according to power laws. 
We can also do the math: 
zz= rel? : re? = rele _ re _ r (3.34) 


This is correct since in Cartesian form z-Z7=a?+b? is valid and again 
r = Va? + b? is according to the definition of the Euler form. 


? How can the following complex numbers in Cartesian form be converted 
into Euler form? z; = —2, z2 = —iand z3 = 1 —i 
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Re(z) 
2.5 -%lis5 -1 -0.5 05 1 #415 2 2.5 


£2 53 


e The number z; has a distance of 2 to the origin. Since the distance is always 
non-negative, we must get the minus sign using the angle. The angle to the 
negative x-axis on which —2 lies is z. This gives us a total of: z, = 2e!”. 

e The number z, has a distance of | from the origin. Analogous to z), the dis- 
tance is not negative. Since we are on the negative y-axis, we have an angle of 
3m from the positive x-axis, viewed counterclockwise. This gives us a total of: 
2= C2. 

e According to the formula for 1, we get: r= /12 + I? = V2. The number is 
on the bisector of the fourth quadrant, which means an angle of in from the 


positive x-axis in a counterclockwise direction. This gives: z3 = /2e!#”. 


| 
| 
| f ®) 
Check for 
updates 


Complex Root Extraction—Moivre’s 4 
Theorem 


4.1 Preliminary Considerations 


? For which two numbers does z? = 3 + 4i apply? 


To solve this problem, we can assume z to be general in Cartesian representation 
as z= a +ib. From this follows: 


2 = (a+ ib)? = a’ + 2abit+ i*b = (a? — b’) + 2abi (4.1) 


By comparing the coefficients of the real and imaginary parts we get a” — b” = 3 
and 2ab = 4. Thus, we obtain directly both solutions, namely a = 2 and b = 1 or 
a = —2 and b = —1. Analogously to the solutions of Va? in the real numbers, we 
recognize: 


2=344i67=4+2+i) (4.2) 


However, this way is generally very tedious and requires the application of the 
binomial theorem (Theorem 2.3), for complex numbers, which leads to more 
and more summands for higher exponents. For this reason, we now deal with the 
other two representations in connection with roots. 


? What are the solutions of x!2 — 1 = 0? 
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We determined the following decomposition in Chap. 1: 
(x? -1) 0? +1—x)(Q? +144) (0? + 1) (2? + 1 — V3x) (2° + 1+ V3x) 
(4.3) 
So, in the chapter, the two real zeros of x? — Lie. X12 = +1 could be determined, 
but due to negative numbers among the roots, no further ones could be determined. 
We can continue with the knowledge from the further chapters: Using the pq for- 
mula, we can now decompose any quadratic polynomial into linear factors. We can 


consider all solutions as the number of hours of an analogous clock, which is indi- 
cated by the numbers in the boxes analogous to the task from Sect. 3.2: 


= lege Stl |3,.9 (4.4) 


VP +1ix34=+i [12} | 6 (4.5) 


(1 
v—x+l: 456 = 5 ze (f) -1 
2, 
1 2 
xetxt1ix7g= : ( 5) -1 11], 7 (4.7) 


1, /5 (4.6) 


ols 


IPs 


3 3 3 1 

Pape 4 (8), ee i |[2\|,|4| 48) 
a 2 i) 

VP +V3x4t lien = ve ( $y 1. we 10), |8]| (4.9) 


Using the equation e* = cos(x) + isin(x), one can now convert the twelve values 
into Euler form. Example: 


re V3 1 1 
5 + Pu => cos(x) 5 sin(x) 51 >x 6 ( )) 


So, we get: els = 8 + Si at| 2 |, see the task from Chap. 3. 
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Im(z) 


NO 
Il 
Q., 
ala 


Re(z) 


The others in the usual representation starting from the positive x-axis: 


iz _ v3.1; | iz _1, V3; | iz | i227 _ 1, V3. 
2\e6 => + zi [jes =5 4+ Fi | 12]}e? =i Illes =-5 4+ Fi 
% v3 1 | | iz _ 3 Li | ide 1_ 3. 
1 —_ NO i 17 pee 1 i eo 1 ei a ae 
10 jee =- + 5i |] 9 fe" =—-1 8 |e 3 gil 7je3s =-3- Fi 
3 ;5a . jin Wn 
6lei> = -i [s]et® =1- Bi lac = 8-4; [Ble = 09 =1 


4.2 The Moivre Theorem 


We have already seen in Chap. 3 that in the polar form the exponentiation of a 

complex number by z has the effect that the magnitude is exponentiated by n and 

the angle is n-folded. We can also use this result for n-th roots by exponentiating 

with i which has the following effect analogous to the considerations from Chap. 
1 


3 in the example n = 5: 


/cos(y) + isin(y) = (cos(y) + isin(y))? = cos (56) +isin (5 °) (4.11) 
Using cos(v) + isin(y) = e’®, this statement corresponds to a power law: 


Jeiv = (civ)? = cif (4.12) 


Analogously, of course, this also applies to arbitrary exponents n, i.e.: (e'?)" = ei”?, 
We are now concerned with taking roots from complex numbers, that is, we 
want to investigate what values %/a have, where a is a complex number. We can 
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reformulate this to ask for which z equations of the form z” — a = 0 are satisfied, 
for example, the equation z> +216 =0. With our preliminary considerations, 
there must be a total of n different solutions. We know something similar from 
the real numbers: The equation z* — 9 = 0 has exactly n = 2 solutions with z = 3 
and z = —3. To find these solutions, we need to examine the argument of z more 
closely, and the approach can also be applied, for example, to the real case men- 
tioned above. 

We already know that, according to our definition, g¢ = arg(z) is the angle 
between the x-axis and the straight line to the two-dimensional point is P see 
Sect. 2.3. We also know that, because of the 27-periodicity of sine and cosine, 
we can increase the angle g by 27 and thus obtain the same vector in the Gauss- 
ian number plane. More generally, any integer multiple 27 can be added or sub- 
tracted without changing the Cartesian form of the complex number. 


> Uniqueness of arg(z) 


arg(z) is unambiguous to multiples of 27 in radians. 
From the previous chapters, we know the polar form of z = —1 +1, viz. 


3 3 
c= =14i= v3(cos (=) +isin ()) (4.13) 
However, this number is also represented by 
3 3 
c= =14i= v3(cos (F + 2m) + isin (= +27) ) (4.14) 


while the Cartesian form remains identical. Or more generally because of the 27 
-periodicity of sine and cosine, see Eq. (3.3): 


3 3 
z=-l+i= V3 (cos (= + 2a) + isin (F + 2x )) for k € N (4.15) 
With these preliminary considerations, we now obtain Moivre's theorem: 


Theorem 4.1 
(Moivre's theorem) For z = |z|(cos(g) + isin(g)) and k € N, holds 


z* = |z|*(cos(kg) + isin(kg)) = |zle*” (4.16) 
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This gives the n different roots from z: 


2k 2k | yt2ka 
a= Val (00s (2 *) tisin (2 *)) V zi ek 


ll 
o 


as n—1 (4,17) 


2? Determine all solutions of z? + 216 = 0. 


After the preliminary considerations in Chap. 1, we look for here altogether three 
different solutions. By transformation we get z> = —216 and can now write the 
right side as a complex number in polar form: 


z> = 216(cos() + isin(z)) , also r = \/(—216)2 + 02 = 216, arg(—216) = z, 
(4.18) 
since —216 lies on the negative x-axis. 


We can generalize this expression by adding integer multiples of 27 in the 
argument. This gives us: 


p= 216(cos(z + 2k) +1isin(a + 2k7)),k EZ (4.19) 
By taking the third root, we now obtain the three solutions using Moivre's theorem: 
20,12 = /216(cos (a + 2kr)) + isin (7 + 2kr))'/3 (4.20) 
2k 2k 
=v 216 (cos (=) + isin (= *)) (4.21) 


Now, we can use three successive values of k according to Moivre's theorem. 
Usually, we use k = 0 here and afterwards a suitable number of values in ascend- 
ing order, so here still k = 1 and k = 2, because we need three solutions due to 
the degree of the polynomial and because of the 27r-periodicity of sine and cosine 
the solutions, for example, k = 0 and k = 3 or also for k = 91 and k = 142 are 
identical. Thus, we obtain: 


k=0: w= 6 (cos (5) +isin (5)) = 3(1 +iv3) 
k=1: 7 = 6(cos(z) +isin(z)) = —6 


c=3% ge 4(cos (F) + isin ()) = 3(1-iv3) 


36 4 Complex Root Extraction—Moivre’s Theorem 


It can be calculated by exponentiating by 3 that 
3 3 
(3(1 +iv3)) == (a(1 iv3)) (4.22) 


is. Furthermore, one recognizes that the two complex solutions of the equation 
are complex conjugate to each other according to the statement from Chap. 2, 
because z> + 216 = 0 has only real coefficients. 

Instead of using the polar form, we can use the same reasoning for the Euler 
form. We perform it analogously for the Euler form in the following: 


2 =-—216=216e'" (so:r= V/(—216)2+ 0 = 216, arg(—216) = zr) 
=216e! +2") fork € Z 


By pulling the third root we get: 


7 S216 (eh +2")) 3 en ae ae (4.23) 


Integer values can now be substituted for k, usually using 0 and a suitable number 
of increasing values (see above): 


zo = 6e"3 = 3(1 +iv3), z = 6e” 6, > =e" > 3(1 iv 34.24) 


These three zeros of z? + 216 can thus be obtained directly via the Euler form 
without a detour via the polar form: 


Im(z) 


Re(z) 


4.2. The Moivre Theorem 37 


Now, it follows another task that works directly with the Euler form and deals 
more specifically with the transformations of the angles: 


? Determine all solutions of z> = 243i in Euler form 


For the conversion, z> = 243i = 243e!?. Thus, we obtain as solutions: z = /243ei”, 
k =0,...,4, where holds: 


5 4 TU 5 Lae TU 5 Tag On 
fo = 5 7 0 = 79: —1i= 5 a ee p= 5 eS 
5@3 = +6n > ee ee i 
= IT = : = IT = 
= 9 ne ag te anaes 


Thus, the searched five solutions of z> = 243i are: 


zo = Bel, z= 3e'?, m = 3e™, 73 = 3eO, 7 = Bel (4.25) 


What You Learned From This essential 


e The complex numbers are an extension of the number ranges. Such number 
range extensions already existed in school: Negative numbers, fractions, real 
numbers like V2 or z. 

e There are a total of three representations of complex numbers: Cartesian rep- 
resentation, polar form, and Euler form. 

e The different representations are better for different basic arithmetic opera- 
tions: The Cartesian form is better for addition and subtraction, and the Euler 
form is better for exponentiation. 

e Complex numbers can be represented in all three representations in the Gauss- 
ian number plane. 

e The topic “complex numbers” has a close relationship to vector calculus, trig- 
onometry and power laws. 

e Every nth degree polynomial has exactly n complex zeros, which can be deter- 
mined by Moivre's theorem. 


© Springer Fachmedien Wiesbaden GmbH, part of Springer Nature 2021 39 
J. Kortemeyer, Complex Numbers, essentials, 
https://doi.org/10.1007/978-3-658-34929-5 


References 


Arens, T. et al. (2018).Mathematik(4. Aufl.). Springer-Spektrum. 

Courant, R., Robbins, H. (2001).Was ist Mathematik ?(5. Aufi.). Springer. 

HELM-Consortium.HELM-Workbooks. Loughborough: Online-Ressource. 

Meyberg, K. & Vachenauer P. (2001).Héhere Mathematik 1(6. Aufl.). Springer. 

Papula, L. (2018).Mathematik fiir Ingenieure und Naturwissenschaftler. Band 1(15. Aufl.). 
Springer-Vieweg. 


© Springer Fachmedien Wiesbaden GmbH, part of Springer Nature 2021 4) 
J. Kortemeyer, Complex Numbers, essentials, 
https://doi.org/10.1007/978-3-658-34929-5 


